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Numerical Simulations of Nanostructural Photonic Crystals 
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Thesis Title:  Numerical Simulation of Nanostructural Photonic Crystals 
Abstract 
A three-dimensional Finite-Difference Time-Domain (FDTD) technique is implemented 
to calculate transmission spectra of finite-size dielectric photonic-crystal slabs, including a 
square lattice, two triangular lattices, a square lattice with periodic backgrounds and a 
triangular lattice with a point defect. The simulation results for the remarkable band gaps 
agree well with references. Based on the direct-integration method, a frequency-dependent 
FDTD formulation is extended into a parametric and comparative study of the linearly 
dispersive Lorentz dielectric that shows a consequent dramatic increase in the band-gap 
size when the characteristic parameters of the second-order relaxation equation are varied. 
The MIT Photonic-Bands (MPB) package is also used to calculate band structures of two-
dimensional periodic dielectric photonic structures, including a multi-permittivity square 
lattice, a multi-radius square lattice and a multi-period square lattice. Compared with the 
three-dimensional FDTD method, the two-dimensional MPB simulation results are found 
to be sufficiently accurate for the design of novel three-dimensional structures. 
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Chapter 1 Introduction 
This chapter begins with an overview of photonic crystals including the backgrounds, 
concepts and applications. The computational methods are then presented, followed by a 
highlight on the motivation and outline of this thesis. 
1.1 Overview of photonic crystals 
Recent years have seen an enormous increase in the bandwidth requirements for telecom 
and datacom transmission systems in large part naturally due to the growth of the internet. 
As a result, there is a need for the advanced technologies that enable systems to meet ever-
increasing demands. Since the late 1980s, photonic crystals have opened a door to high-
speed components and high-density circuits, shown the extensive potential from theories 
to applications, and will lead an information revolution still further in the future. 
Photonic crystal, a new class of material, whose concept stems from E. Yablonovitch’s 
and S. John’s pioneering work [1]−[2], affects photon properties in much the same way 
that an ordinary semiconductor affects electron properties [3]. A photonic crystal can be 
constructed, consisting of a macroscopic periodic dielectric or metallic array, in which 
photons can be described in terms of a band structure as in the case of electrons. The 
schematic pictures of one-, two- and three- dimensional photonic crystals are shown in 
Figure 1.1. 
Of particular interest is a complete photonic band gap (PBG) in the band structure of a 
photonic crystal, also referred as electromagnetic band gap, a range of frequencies for 
which light is forbidden to propagate inside unless any defect is in the perfect crystal [3]. 
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(a) 1-d periodicity   (b) 2-d periodicity   (c) 3-d periodicity 
 
Figure 1.1 Schematic pictures of one-, two- and three- dimensional photonic crystals 
(The materials with different dielectric constants are represented by different colors.) 
 
The electric permittivity of a photonic crystal is periodic on a scale comparable to the 
wavelength of the forbidden photons. Hence, the manufacture of photonic crystals that 
operates in the visible region of electromagnetic spectra requires the innovative fabrication 
techniques. In view of high quality and high expenses, accurate and efficient numerical 
models are necessary to obtain the desirable optical properties of photonic crystals prior to 
fabrication. 
Photonic crystals allow light to be manipulated in ways never before possible. The ability 
to mold and guide the flow of light leads to a number of applications in several fields 
including optoelectronics and telecommunications. To realize the ultimate control of light 
through the omni-directional photonic band gaps, three-dimensional photonic crystals are 
necessary to serve as the ideal materials for the ultra-small-scale optical integrated circuits, 
but are not easy to fabricate, especially for the optical devices at the micron or submicron 
scales. 
The greatest challenge in the field of photonic crystals is to fabricate the composite 
structures that possess the spectral band gaps at frequencies up to the optical region. There 
have been intensive efforts to build and measure photonic band-gap structures. Fabrication 
can be either easy or difficult depending on the desired wavelength of band gaps and the 
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level of dimensions. The simple machining techniques and rapid prototyping methods can 
be employed in building photonic band gaps during the microwave frequencies. However, 
building photonic band gaps during the optical frequencies requires the advanced methods 
that push the current state-of-the-art micro- even nano- fabrication techniques. 
Photonic-crystal slabs that can be used to manufacture computer chips have attracted more 
attention, because they retain many properties of true photonic crystals with only the two-
dimensional patterns and the finite height in the third dimension, but are much more easily 
realized at the submicron scales [4]−[6]. 
1.2 Computational methods 
The field of photonic crystals is a marriage of solid-state physics and electromagnetism 
[7]. In order to study the propagation of light in a photonic crystal, the macroscopic 
Maxwell’s equations [8] need to be cast as a linear Hermitian eigenvalue problem in a 
periodic medium, in close analogy with the Schrödinger equation of quantum mechanics. 
The main differences are that photons are described by a complex vector field and do not 
interact with each other whereas electrons are described by a complex scalar field and 
strongly interact with each other. The solution to the photon equations that represents one 
of the few cases in science where numerical simulations can be almost as accurate as 
experimental measurements, for all the practical purposes, leads to an exact illumination 
of electromagnetic behaviors. 
1.2.1 Time-domain and frequency-domain methods 
There are two classes of common computational methods for studying photonic crystals: 
time-domain methods, such as the Finite-Difference Time-Domain (FDTD) method [9] 
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and the Time-Domain Beam Propagation Method (TD-BPM) [10], can directly find the 
time-dependent solutions to the Maxwell’s equations, and frequency-domain methods, 
such as the Finite-Element Method (FEM) [11] and the scattering-matrix method [12], can 
directly calculate the eigenstates and eigenvalues of the Maxwell’s equations. 
There are also a few popular computer-aided design (CAD) software, such as the Ansoft 
HFSSTM [13] and the MIT Photonic-Bands (MPB) package [14], available for the design, 
simulation and optimization of photonic band-gap devices. 
1.2.2 Finite-Difference Time-Domain (FDTD) method 
The Finite-Difference Time-Domain (FDTD) method, introduced by K. S. Yee in 1966 
[15], was the first technique for the direct time-domain solutions to the Maxwell’s curl 
equations in the space lattice, and has been the subject of very rapid development. Since 
about 1990 when engineers in the general electromagnetics community became aware of 
the modeling capabilities of the FDTD and related techniques, the interest in this area has 
expanded well beyond defense technologies, into even non-traditional electromagnetics-
related areas. 
The FDTD method applies a set of simple central-difference approximations for the space 
and time derivatives of electric and magnetic fields that are second-order accurate directly 
to the respective differential operators of the time-dependent Maxwell’s curl equations, 
instead of potentials, and therefore, achieves a sampled-data reduction of the continuous 
electromagnetic fields in a volume of space and over a period of time [17]. Overall, the 
FDTD technique is a marching-in-time procedure that simulates the actual wave in the 
finite space lattice by the analogous numerical wave propagation stored in the computer 
memory. 
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1.3 Motivation 
The heart of the subject of photonic crystals is the propagation of electromagnetic waves 
in a periodic dielectric medium [7]. Numerical simulation plays a particularly important 
role in examining electromagnetic wave propagation in a photonic crystal. In this thesis, a 
full three-dimensional FDTD technique is implemented to model and simulate several 
finite-size dielectric photonic-crystal slabs. Then based on the direct-integration method, a 
frequency-dependent FDTD formulation is extended into a parametric and comparative 
study of the linearly dispersive Lorentz dielectric. 
1.4 Outline of this thesis 
This thesis is organized into 6 chapters as below: 
Chapter 1 contains the backgrounds, concepts and description of this research. 
Chapter 2 reviews the foundation of the full three-dimensional FDTD numerical algorithm 
for electromagnetic analysis, and validates the FDTD code developed for the numerical 
simulations of photonic crystals. 
In Chapter 3, the three-dimensional FDTD code is executed to model some typical finite-
size dielectric photonic-crystal slabs, and calculate the transmission spectra and field 
distributions for the cases of a square lattice, two triangular lattices, a square lattice with 
periodic backgrounds and a triangular lattice with a point defect, respectively. 
In Chapter 4, a frequency-dependent FDTD formulation based on the direct-integration 
method is improved to model a finite-size square-lattice photonic-crystal slab of dielectric 
rods that are composed of the linearly dispersive Lorentz dielectric, and analyze the 
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effects on the transmission spectra when the characteristic parameters of the second-order 
relaxation equation are varied. 
In Chapter 5, the MPB package is used to simulate some novel two-dimensional periodic 
dielectric photonic structures, and calculate the band structures and field distributions for 
the cases of a square lattice, a triangular lattice, a triangular lattice with various dielectric 
constants, a multi-permittivity square lattice, a multi-radius square lattice and a multi-
period square lattice, respectively. 
Chapter 6 concludes the present work in this thesis and proposes the possible work in the 
future. 
1.5 List of contributions 
1. Y. Sun, W. L. Yuan, Y. J. Zhang and E. P. Li, Characteristics modeling of photonic 
crystal by using numerical techniques, 2003 Asia-Pacific Conference on Applied 
Electromagnetics Proceedings, August 2003, Malaysia, pp. 5-9. 
2. Y. Sun, Characteristics modeling of photonic crystal by using MPB simulator, IHPC 
Research Report, No. IHPC/03-100902-01, Institute of High Performance Computing, 
Singapore, July 2003. 
3. Y. Sun, E. P. Li, Y. J. Zhang and M. S. Leong, Design of multi-band gap photonic 
crystals by using numerical techniques, WSEAS Transactions on Electronics, vol. 1, no. 
1, pp. 40-44, 2004. 
4. Y. Sun, E. P. Li and M. S. Leong, Three-dimensional FDTD modeling of finite-size 
photonic-crystal slabs, International Journal of RF and Microwave Computer-Aided 
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Engineering (International Journal of Microwave and Millimeter-Wave Computer-
Aided Engineering), manuscript submitted in 2004. 
5. Y. Sun, E. P. Li and M. S. Leong, Simulations of photonic-crystal slabs by a frequency-
dependent FDTD formulation, 2004 International Conference on Computational 
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Chapter 2 Finite-Difference Time-Domain Method 
This chapter will review the foundation of the full three-dimensional FDTD numerical 
algorithm for electromagnetic analysis and validate the FDTD code developed to model 
and simulate several finite-size dielectric photonic-crystal slabs in Chapter 3. 
2.1 Maxwell’s equations 
All the macroscopic electromagnetism, including the propagation of light in a photonic 
crystal, is governed by the four Maxwell’s equations [8]. A region of space that has no 
electric or magnetic current source but may have some materials that absorb electric or 
magnetic field energy is considered. Using the MKS units, the time-dependent Maxwell’s 
curl equations are given in the differential form: 
          ∇ × E = −
t∂
∂B  − M  (Faraday’s Law)       (2.1a) 
           ∇ × H = 
t∂
∂D  + J  (Ampere’s Law)       (2.1b) 
where E is the electric field strength in volts/meter, H is the magnetic field strength in 
amperes/meter, D is the electric flux density in coulombs/meter2, B is the magnetic flux 
density in webers/meter2, J is the electric current density in amperes/meter2, and M is the 
equivalent magnetic current density in volts/meter2. 
In a linear, isotropic, nondispersive medium, constitutive relations are expressed as 
D = εE = ε0εrE          (2.2a) 
           B = µH = µ0µrH          (2.2b) 
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where ε is the electrical permittivity in farads/meter, ε0 is the free-space permittivity 
(8.854×10−12 farads/meter), εr is the relative permittivity in the dimensionless scale, µ is 
the magnetic permeability in henrys/meter, µ0 is the free-space permeability (4π×10−7 
henrys/meter), and µr is the relative permeability in the dimensionless scale. 
And for a medium with electric and magnetic losses that attenuate electric and magnetic 
fields converted to heat energy, it satisfies 
       J = σE           (2.3a) 
     M = σmH           (2.3b) 
where σ is the electric conductivity in siemens/meter and σm is the equivalent magnetic 
loss in ohms/meter. 
Finally, substituting (2.2) and (2.3) into (2.1), and writing out the vector components of 
the curl operators in (2.1) in the rectangular coordinate (x, y, z), the following system of 
six coupled scalar partial differential equations (2.4) and (2.5) forms the basis of the three-
dimensional FDTD algorithm for electromagnetic wave interactions with the general 
structures [16]: 
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1          (2.5b) 
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1          (2.5c) 
The three-dimensional FDTD algorithm can be simplified to two-dimensional and one-
dimensional cases. The transverse magnetic (TM) mode and transverse electric (TE) mode 
are designated in two-dimensional cases and relevant equations are derived in [16]−[17]. 
2.2 General FDTD formulation 
In 1966, K.S. Yee originated a set of finite-difference equations for the time-dependent 
system of (2.4) and (2.5) in the lossless case σ = 0 and σm = 0 [15]. The Yee algorithm 
solves for both electric and magnetic fields in space and time. As illustrated in Figure 2.1, 
it centers the E and H field vector components in the three-dimensional space, so that 
every E field component is surrounded by four circulating H field components while 
every H field component is surrounded by four circulating E field components. It also 




Figure 2.1 Positions of the E and H field vector components  
above a cubic cell of the Yee space lattice 
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For a particular time point, all of the E computations in the space are completed and 
stored in memory using the previously-stored H values. Then all of the H computations in 
the space are completed and stored in memory using the currently-stored E values. Such a 
cycle begins again with the recomputation of the E based on the newly-obtained H values, 
and then continues until the time-stepping is concluded. 
Yee introduced the finite differences to the scalar wave equation [16]. For convenience, 
any space point in a uniform rectangular lattice is denoted as 
      (i, j, k) = (i∆x, j∆y, k∆z)            (2.6) 
and any function F of space and time at a discrete point and a discrete time is denoted as 
           Fn(i, j, k) = F(i∆x, j∆y, k∆z, n∆t)           (2.7) 
where ∆x, ∆y and ∆z are the space-lattice increments respectively in the x-, y- and z- 
directions, ∆t is the time increment, as well as i, j, k and n are integers. 
Yee used the centered finite-difference (central-difference) expressions for the space and 
time derivatives that were simply programmed and second-order accurate in the space and 
time increments. At a fixed time point tn = n∆t, the first-order partial derivative of F in the 





















































 + Ο[(∆z)2]       (2.8c) 
and the first-order partial derivative of F at a fixed space point (i, j, k) is evaluated as 
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 + Ο[(∆t)2]          (2.9) 
Such notations lead to interleave the E and H field vector components at the intervals of 
∆x/2, ∆y/2 and ∆z/2 respectively along the x-, y- and z- directions in space and at the 
intervals of ∆t/2 in time. 
The most practical case of a three-dimensional uniform cubic-cell lattice is considered in 
this thesis, with ∆x = ∆y = ∆z = ∆s (∆s is the size of a cubic cell in the Yee space lattice). 
By applying the above ideas, notations and semi-implicit approximations in [16], the 
complete finite-difference expressions of (2.4) and (2.5) can be written as 
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z       (2.11b) 
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To implement the finite-difference system of (2.10) and (2.11), for a space region that has 
a continuous variation of the material properties with the position in the Yee space lattice, 
it is desirable to define and store the coefficients in (2.12) and (2.13) for each E or H field 
vector component before the time-stepping begins. For a space region with a finite number 
of materials that have the distinct electrical properties, it is efficient to define an integer 
array for each E or H field vector component that stores a pointer at each location of such 
a component in the Yee space lattice and enables the corresponding coefficient to be 
extracted. 
Overall, the total computer memory and computer processing unit (CPU) time for a three-
dimensional problem in a uniform cubic-cell lattice are both approximately proportional to 
the number of cubic cells, if the intermediate and auxiliary variables are neglected. 
2.3 Numerical dispersion and stability 
The key relations for numerical dispersion and stability applicable to the FDTD modeling 
of the time-dependent Maxwell’s equations in three dimensions must be satisfied. 
2.3.1 Numerical dispersion 
The Yee algorithm causes the nonphysical dispersion of the simulated waves in a free-
space lattice, that is, the phase velocity of numerical wave modes may differ from the 
speed of light by an amount varying with the modal wavelength, propagation direction and 
space-lattice discretization [17]. Since numerical dispersion can lead to pulse distortion, 
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artificial anisotropy, pseudorefraction and other nonphysical phenomena, it is a factor that 
must be accounted for to understand the accuracy limits of the algorithm, especially for 
the electrically large-scale structures. 
For a three-dimensional uniform cubic-cell lattice, the general numerical dispersion 


















































































zyx        (2.14) 
where c = 1/ µε  is the speed of light in a homogeneous medium being modeled (c0 = 
1/ 00εµ  = 3.0×108 m/s in free space), kx, ky and kz are the x-, y- and z- components of the 
wavevector k respectively, and ω is the wave angular frequency. In contrast to (2.14), the 
ideal analytical dispersion relation for a physical plane wave in a continuous lossless 
medium is given by 






ω  = (kx)2 + (ky)2 + (kz)2          (2.15) 
It is seen that such two expressions are identical in the limit when ∆x, ∆y, ∆z and ∆t 
approach zero, which qualitatively suggests that numerical dispersion can be reduced to 
any desired degree if the space-lattice discretization is properly done. 
To ensure a consistent phase velocity of the numerical wave in the Yee space lattice, a 
sufficient choice of ∆s is 






minλ           (2.16) 
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when ω∆t is small enough, where λ is the wavelength of the electromagnetic wave that 
can be sampled in the lattice (λmin is the minimum value of λ) and a coarser cubic-cell 
sampling density Nλ = λ/∆s must be higher than the standard Nyquist sampling rate [18]. 
2.3.2 Numerical Stability 
The Yee algorithm, in addition, requires that ∆t has a specific bound relative to ∆s to 
avoid numerical instability and undesirable possibilities with the explicit differential 
equation solvers that cause the calculated results to spuriously increase without limit when 
the time-stepping continues. 
For a three-dimensional uniform cubic-cell lattice, the Courant stability bound [16] is 
given by 


















∆         (2.17) 
The bound on ∆t allows various electromagnetic wave problems that require 103−104 time 
steps to complete the single FDTD implementation with the moderate electrical size and 
quality factor. 
However, (2.17) seems too much restrictive in a few potential applications of the FDTD 
modeling. A more effective approach that permits the numerically stable operation for the 
value of ∆t exceeding (2.17) is to use an alternating-direction-implicit (ADI) time-
stepping algorithm rather than the original leapfrog time-stepping algorithm. Work with 
the ADI-FDTD method in the early 1980’s obtained the promising results for two-
dimensional models [19]. Recently, there has been a revival in the use of the ADI time-
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stepping algorithm that has the advantage of the unconditional numerical stability for the 
three-dimensional FDTD modeling [20]. 
2.4 Incident wave source conditions 
To achieve the maximum algorithm efficiency, a generic issue in the FDTD modeling has 
been to realize the physics of an electromagnetic wave source in a compact manner, so 
that the computer memory and CPU time needed to simulate the source is small compared 
to that needed for the ordinary time-stepping of the calculated fields. 
There are four general classes of compact electromagnetic wave sources: one-dimensional 
E and H hard sources, three-dimensional J and M current courses, three-dimensional 
total-field/scattered-field (TF/SF) formulation for plane-wave excitations, and waveguide 
sources. While not compact, there are another two classes of wave sources: pure scattered-
field formulation and electronic circuits. The incident wave in the Yee space lattice must 
have a specified propagation direction, time waveform and duration, a planar wavefront 
perpendicular to the propagation direction, and an amplitude constant along any plane 
parallel to the wavefront. 
2.4.1 Plane-wave source condition 
Yee applied the original plane-wave source in his paper [15], inserting an incident wave as 
an initial condition at each location of the E and H field vector components in the space 
lattice. The sign and magnitude of each initial field component is selected to give the 
desired wave polarization and propagation direction. Such an initial-condition approach, 
however, has two critical problems that are detailed in [16], so it finds only limited and 
specialized usage. 
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2.4.2 Pointwise E and H hard sources in one dimension 
A common hard source can be simply set up by assigning a desired time function to the 
specific E or H field vector component in the Yee space lattice. 
The first one is established at a lattice point is to generate a continuous sinusoidal wave 
that is switched on at t = 0 with the amplitude E0 and central frequency f0: 
   Ei(is, n∆t) = E0sin(2πf0n∆t)          (2.18) 
The second one provides a low-pass Gaussian pulse with the finite direct-current content, 
whose time waveform is centered with the maximum value E0 and characteristic width τ at 
t = n0∆t: 
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The third one provides a band-pass Gaussian pulse with the direct-current content at zero 
frequency, whose time waveform is modulated by a continuous cosinusoidal wave with 
the central frequency f0: 
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τππτ fftnffjE         (2.21) 
Each pointwise hard source in the form of (2.18), (2.19) or (2.20) radiates a numerical 
wave with a time waveform corresponding to the source function. If a specified structure 
is at some distance from the source point in the space lattice, the radiated numerical wave 
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eventually propagates to the structure and undergoes the partial transmission and partial 
reflection. For the source in (2.18), it means the attainment of the sinusoidal steady state 
for the transmitted and reflected fields. For the sources in (2.19) and (2.20), it means the 
evolution of the entire time histories of the transmitted and reflected waves. The discrete 
Fourier analysis of the time histories that are obtained and stored in the single FDTD 
implementation can provide the magnitude and phase of the transmission and reflection 
coefficients over a potentially wide spectrum starting at zero frequency [16]. 
In general, a one-dimensional pointwise hard source limits the maximum number of time 
steps that can be run without the spurious retroreflections contaminating the calculated 
fields in the vicinity of the structure being modeled. It is observed that much less errors in 
the calculated fields occur for hard sources in two or three dimensions than those in one 
dimension, since hard sources intercept and retroreflect much smaller fractions of the total 
energy in a two- or three- dimensional Yee space lattice. 
2.4.3 The total-field/scattered-field technique 
The TF/SF formulation [21]−[22], based on the linearity of the time-dependent Maxwell’s 
curl equations, results from the attempts to realize a plane-wave source that avoids the 
difficulties caused by the initial-condition approach or hard sources. It is assumed that 
Etotal and Htotal are the values of the physical (measurable) total E and H fields that are 
decomposed in the following manner: 
          Etotal = Einc + Escat        (2.22a) 
         Htotal = Hinc + Hscat        (2.22b) 
where Einc and Hinc are the values of the incident-wave fields that are known at all lattice 
points at all time steps, Escat and Hscat are the values of the scattered-wave fields that are 
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initially unknown. It is a direct result of the interactions of the incident wave with the 
materials in the Yee space lattice. 
The finite-difference operations of the Yee algorithm can be applied with equal validity to 
the incident-field components, scattered-field components and total-field components 
respectively. As illustrated in Figure 2.2, it is used to zone the entire space lattice into two 
distinct regions, separated by a nonphysical virtual surface that serves to connect the fields 
in each region and generate an incident wave. The total-field region is denoted as Region 
1, within which the interacting structure of interest is embedded and the incident wave 
propagates as well as the scattered wave. The scattered-field region is denoted as Region 2, 
within which there is no incident wave but the scattered wave. The outer lattice planes 
bounding Region 2, known as lattice truncation planes, truncate the computational domain 




Figure 2.2 Total-field/scattered-field regions with a virtual connecting surface  
and lattice truncation planes (absorbing boundary conditions) 
 
A number of key features provided by the TF/SF technique that enhance the flexibility of 
the FDTD modeling include an arbitrary incident wave, relatively simple programming of 
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the interacting structure, a wide computational dynamic range, ABCs and a near-to-far-
field transformation. The TF/SF formulations in one-, two- and three- dimensional cases 
are derived in [16]. 
2.5 Absorbing boundary conditions 
Another basic consideration with the Yee algorithm to deal with electromagnetic wave 
interaction problems is that most structures of interest are defined in the unbounded 
coordinates. Clearly, no computer can store an unlimited amount of data, so that the 
computational domain that is large enough to enclose the structure must be limited in size, 
and a suitable boundary condition on the outer perimeter of the finite domain must be used 
to simulate the extension to infinity. 
2.5.1 Outer-boundary conditions 
The Yee algorithm that models electromagnetic wave propagation in all directions is 
applied inside a finite computational domain, at the outermost planes of which only the 
outgoing numerical wave is desired. A boundary condition permits the outward numerical 
wave to exit the computational domain, as if the simulation were performed in a domain 
of infinite extent. The spurious reflection of the outgoing numerical wave must be 
suppressed to be as low as possible, permitting the FDTD modeling to be accurate at all 
time steps, especially after the reflected wave returns to the vicinity of the structure being 
modeled. Such outer-boundary conditions are called radiation boundary conditions (RBCs) 
or ABCs. 
However, in principle, ABCs can not be directly obtained from the finite-difference 
system of (2.10) and (2.11), because the central-difference expressions in (2.8) and (2.9) 
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can not be implemented at the lattice truncation planes where there is no information 
concerning the E or H field vector component at the one-half cubic-cell lattice points 
outside planes. 
The modern ABCs that have the excellent capabilities for the virtually reflection-free 
truncation of the two- and three- dimensional Yee space lattice in free space, dispersive 
materials or waveguides can achieve the extremely small local reflection coefficients in 
the order of 10−4−10−6 with an acceptable computational burden. 
2.5.2 Mur finite-difference scheme 
A partial differential equation that permits wave propagation only in the certain directions 
is called a one-way wave equation [16]. It numerically absorbs the impinging outgoing 
wave in the FDTD modeling when applied at the outermost boundary of a computational 
domain. Based on the theory for the ABCs in the Cartesian coordinates proposed by B. 
Engquist and A. Majda [23] that can be explained in terms of factoring partial derivative 
operators, a simple but extra precise finite-difference scheme was introduced by G. Mur 
[21], involving the implementation of the partial derivatives related to the auxiliary lattice 
points. 
For a three-dimensional uniform cubic-cell lattice, at each lattice truncation plane, the 
first- and second- order formulations are written as 
fn+1(P0) = fn(Q0) + stc
stc
∆+∆
∆−∆ [fn+1(Q0)−fn(P0)]       (2.23a) 
and 
fn+1(P0) = −fn−1(Q0) + stc
stc
∆+∆
∆−∆ [fn+1(Q0)−fn−1(P0)] − s
stc
∆
∆−∆ )(2 [fn(Q0)+fn(P0)] + 
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∆ [fn(P1)+fn(P2)+fn(P3)+fn(P4)+fn(Q1)+fn(Q2)+fn(Q3)+fn(Q4)]    (2.23b) 
where f is any E field vector component, P0 is a lattice point and P1, P2, P3, P4 are four 
auxiliary points circulating P0 at the lattice truncation plane, Q0 is the corresponding point 
and Q1, Q2, Q3, Q4 are four auxiliary points circulating Q0 at the adjacent plane inside. At 
each edge of the lattice truncation planes, the modified first-order formulation is written as 






2 [fn+1(Q0)−fn(P0)]      (2.23c) 
where f is any E field vector component, P0 is a lattice point at the edge of a truncation 
plane and Q0 is the adjacent point along the diagonal inside. In this thesis, the Mur finite-
difference expressions are used to truncate the entire computational domain in such a 
manner. 
2.5.3 Perfectly-matched layer absorbing boundary conditions 
In 1994, the highly effective perfectly-matched layer (PML) ABCs was proposed by J. P. 
Berenger [24].  The uniqueness of the PML ABCs is that a plane wave with the arbitrary 
incidence, polarization and frequency is matched at all boundaries. To the end, the split-
field modifications of the Maxwell’s equations are derived, where each E or H field vector 
component is split into two orthogonal components and twelve relevant coupled first-
order partial differential equations are satisfied. Following Berenger’s work, a few papers 
on applying the FDTD modeling with the PML medium such as [25] have been presented. 
2.6 Numerical validations 
On the basis of a general description above, a set of three-dimensional FDTD code for the 
numerical simulations of photonic crystals, in this thesis, is written and compiled by the 
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Compaq Visual Fortran version 6.6 [26]. In order to show the performance of the FDTD 
code, two typical electromagnetic wave scattering problems are provided, including a 
perfectly conducting cube and a spherical water droplet, as shown in Figure 2.3. 
 
  
 (a) A perfectly conducting cube   (b) A spherical water droplet 
 
Figure 2.3 Geometries of two canonical three-dimensional structures 
 
2.6.1 Surface electric current distributions of a perfectly conducting cube 
Firstly, a perfectly conducting cube is simulated with the electric conductivity 3.72×107 
S/m at the broadside incidence, whose side length is specified as L = λ0/π ≅ 1.0 mm when 
a uniform cubic-cell lattice with ∆s ≅ 0.5 mm is used (λ0 = 32.0 mm and Nλ = 62 are 
assumed). The overall lattice size of the FDTD model is limited to 51×51×51 cells, 
including the lattice truncation planes located 15 cells from the maximum extensions of 
the structure being modeled. ∆t = ∆s/(2c) ≅ 8.6×10−10 ms. For the calculations of surface 
electric current distributions, the time-stepping is completed until t = 450∆t that is 
equivalent to over 3 cycles of the incident wave. 
The simulation results obtained by the FDTD code for the magnitude and phase of the 
surface electric current along two straight-line loci of the cube that are denoted as a-b′-c′-d 
in the plane of the incident E field and a-b-c-d in the plane of the incident H field are 
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plotted in Figure 2.4 and Figure 2.5 respectively, compared with those obtained by the 
Moment Method (MoM) code that is used to solve a frequency-domain surface electric 
field integral equation (EFIE) in [27], where the magnitude is normalized by the value of 
the incident H field in the dimensionless scale and the phase is described by the angular 
difference from the initial value at a in degrees. It is seen that excellent agreement exists 
between the FDTD data and the high-resolution MoM data. 
 





















































(a) Magnitude     (b) Phase 
 
Figure 2.4 Comparison of the FDTD and EFIF-MoM results for the surface  
electric current distribution along the E-plane locus (a-b′-c′-d)  
of the perfectly conducting cube in Figure 2.3 (a) 
 





















































 (a) Magnitude     (b) Phase 
 
Figure 2.5 Comparison of the FDTD and EFIF-MoM results for the surface  
electric current distribution along the H-plane locus (a-b-c-d)  
of the perfectly conducting cube in Figure 2.3 (a) 
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2.6.2 Bistatic RCS patterns of a spherical water droplet 
Secondly, a spherical water droplet is simulated with the relative permittivity 1.78, whose 
radius is specified as r = λ0/2 = 0.3164 µm when a uniform cubic-cell lattice with ∆s ≅ 
0.0198 µm is used (λ0 = 0.6328 µm and Nλ = 32 are assumed). The overall lattice size of 
the FDTD model is limited to 61×61×61 cells, including the lattice truncation planes 
located 14 cells from the maximum extensions of the structure being modeled. ∆t = ∆s/(2c) 
≅ 3.2958×10−11 µs. For the calculations of the bistatic radar cross section (RCS), the time-
stepping is completed until t = 350∆t that is equivalent to over 4 cycles of the incident 
wave. 
The simulation results obtained by the FDTD code for the bistatic RCS patterns in the 
plane of the incident E and H fields are plotted in Figure 2.6 respectively, compared with 
those obtained by the Mie-series solutions in [28], where the RCS is normalized by πr2 in 
decibels (dBs). It is seen that excellent agreement exists between the FDTD data and the 
analytical Mie-series data. 
 






















































(a) E-plane RCS pattern    (b) H-plane RCS pattern 
 
Figure 2.6 Comparison of the FDTD results and Mie-series solutions for the 
bistatic RCS patterns of the spherical water droplet in Figure 2.3 (b) 
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Therefore, the accuracy of the FDTD code is validated, and the feasibility for a variety of 
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Chapter 3 FDTD Modeling of Photonic-Crystal Slabs 
In this chapter, the three-dimensional FDTD code developed in Chapter 2 is executed to 
model and simulate some typical finite-size dielectric photonic-crystal slabs, including a 
square lattice, two triangular lattices, a square lattice with periodic backgrounds, and a 
triangular lattice with a point defect. 
3.1 Photonic-crystal slabs 
As a class of hybrid systems, photonic-crystal slabs combine the horizontal photonic-
crystal guiding and the conventional vertical index guiding, with only the two-dimensional 
patterns and the finite height in the third dimension. Photonic-crystal slabs are quite 
analogous to two-dimensional photonic crystals in many ways. However, two-dimensional 
calculations can not be directly applied to three-dimensional structures except those are 
infinitely extruded in the third dimension, since the band structures of two-dimensional 
structures correspond to only the states that have no component of k perpendicular to the 
plane of periodicity. The restriction of a photonic-crystal slab to the finite height in the 
third dimension recreates the band gaps in the guided modes, also forces the new analysis 
of such a system that is distinct from the two-dimensional calculations. New issues such 
as the slab height/thickness, index contrast and mirror symmetry with the substrate play 
prominent roles in determining the properties of photonic-crystal slabs [4]−[5]. 
Embodying the basic topologies of two-dimensional photonic structures, two possible 
characteristic photonic-crystal slabs are shown in Figure 3.1. One is a square lattice of 
dielectric rods suspended in air with lattice constant a, radius 0.2a and height 2.0a, the 
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other is a triangular lattice of air holes in a solid dielectric substrate with lattice constant a, 
radius 0.45a and thickness 0.6a. The dielectric constant of the high-index material is 12.0 
in both cases. 
 
  
(a) A square lattice of dielectric rods   (b) A triangular lattice of air holes 
 
Figure 3.1 Two characteristic photonic-crystal slabs 
 
3.2 Process of the FDTD-code execution 
The general process of the three-dimensional FDTD-code execution for electromagnetic 
analysis requires the following key steps in sequence: 
 
1) Initialization of the E and H field vector components as zeroes at t = 0; 
2) Computations of the coefficients for each E or H field vector component; 
3) Introduction of a pointwise E or H hard source; 
4) Update of the E field vector components at t = n∆t (n = 0, 1, …), including 
4.1) Computations of the E vector components within the total-field and scattered-
field regions using the previously-stored H values, 
4.2) Modifications of the E vector components on the virtual connecting surface 
between the total-field and scattered-field regions, 
4.3) Computations of the E vector components at the lattice truncation planes 
using the Mur ABCs; 
5) Update the H field vector components at t = (n+1/2)∆t (n = 0, 1, …), including 
5.1) Computations of the H vector components within the total-field and scattered-
field regions using the currently-stored E values, 
5.2) Modifications of the H vector components on the virtual connecting surface 
between the total-field and scattered-field regions; 
6) Storage of the necessary E and H values in the computer memory; 
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7) Repetition from 4) until the time-stepping is concluded. 
 
As a necessary preprocess subroutine, the space-lattice discretization that determines the 
accuracy of the FDTD modeling as well as the computer memory and CPU time has the 
absolute independence. As a selective postprocess subroutine, a standard Discrete Fourier 
Transform (DFT) scheme is used for transmission spectra and a phase-lag scheme is used 
for field distributions in the current and next chapters. 
All simulations are conducted on a DELLTM desktop computer that works with the Intel® 
Pentium® IV processor (2.6-GHz clock speed), 1-GB RAM and 40-GB hard disk. 
3.3 Simulation results and analysis 
The wavelength of an incident wave is specified as λ0 = 1.5 µm (f0  = c/λ0 = 2.0×105 GHz 
when c = 3.0×108 m/s is assumed) that is a typical value in telecommunications [7]. 
A three-dimensional uniform cubic-cell lattice is used with ∆s = 2.5×10−2 µm when Nλ = 
60 is assumed, including a data output surface conforming with the lattice in the scattered-
field region, a visual connecting surface that introduces the incident wave between the 
total-field and scattered-field regions, and the lattice truncation planes located 13 cells 
from the maximum extensions of the structure to be modeled. ∆t = ∆s/(2c) ≅ 4.2×10−11 µs. 
The lattice constant of photonic-crystal slabs is specified as a = 0.5 µm. 
For the transient calculations of transmission spectra, an excitation is assumed to be a 
cosine-modulated Gaussian pulse in the form of (2.20) along the z-direction with n0 = 
9π/(4πf0)/∆t ≅ 270 and τ = 1/(2f0) = 2.5×10−9 µs. It is well known that the fundamental 
advantage of the single FDTD implementation with a pulse excitation is to simultaneously 
obtain the information over a wide spectrum. 
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The transmission spectra of photonic-crystal slabs, as a significant quantity, can directly 
reflect the corresponding band structures [29]. Similar to the concept in the transmission 
line theory, the transmission coefficient in this thesis is defined as 
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   (3.1) 
where the TM-like (odd) polarization and TE-like (even) polarization are designated by an 
in-plane k for which the incident E or H field is parallel with the vertical out-of-plane 
direction respectively. Data are taken at the fixed observation points on the output surface 
and stored at the end of the time-stepping each time. 
For the steady-state (time-harmonic) calculations of field distributions, an excitation is 
assumed to be a sinusoidal wave in the form of (2.18) along the z-direction with a raised-
cosine window function. 
In the rectangular coordinate, the propagation direction of the incident wave is denoted as 
x-direction, the perpendicular in-plane direction as y-direction and the vertical out-of-
plane direction as z-direction. Note that only the normal incidence is considered, also that 
frequency is measured by a dimensionless value fa/c in the calculations of transmission 
spectra. The TM-like polarization and TE-like polarization are indicated by solid symbols 
and hollow symbols respectively. 
3.3.1 Square lattice 
Firstly, a square lattice of dielectric rods is simulated with lattice constant a, radius 0.2a, 
height 2.0a and dielectric constant 12.0. The three-dimensional FDTD model is shown in 
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Figure 3.2, where the overall lattice size is limited to 127×147×67 cells. The optimum size 
of the slab is obtained in terms of the numerical experiment results for the convergence of 
the Mur ABCs. Seen the horizontal cross-section in Figure 3.3, the number of rods is 
limited to 5 in the x-direction and 6 in the y-direction, so that the required computer 




Figure 3.2 Three-dimensional FDTD model of a square lattice of dielectric rods  




Figure 3.3 Horizontal cross-section of the FDTD model of a square lattice of  
dielectric rods with lattice constant a, radius 0.2a and height 2.0a 
 
The transmission spectra are plotted in Figure 3.4. For the TM-like polarization, the 
attenuation over 10 dB that occurs from 0.321 to 0.434 obtained by the FDTD code agrees 
well with the band gap in the odd modes that occurs from 0.340 to 0.420 obtained by the 
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preconditioned conjugate-gradient minimization of the Raleigh quotient in a plane-wave 
basis [30] in [4]−[5]. The difference between the FDTD results and reference values may 
result from the finite size in the in-plane directions. Attractively, the strong attenuation 
over 20 dB occurs from 0.327 to 0.412 and the maximum value is 34.19 dB at 0.364 that 
is equivalent to the power reflectivity about 99.96%. 
 

























Figure 3.4 Transmission spectra 
(The FDTD results and the reference values in [4]−[5] are indicated by  




Figure 3.5 Ez of the TM-like polarization (z = 0, t = 700∆t) 
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The electric-field distribution Ez of the TM-like polarization at z = 0 and t = 700∆t inside 
lattice truncation planes is shown in Figure 3.5, where the electromagnetic wave has no 
attenuation in the slab. 
The slab height/thickness is an important factor to determine whether a photonic-crystal 
slab has a band gap in the guided modes. From Figure 3.6 that is a graph of the band-gap 
size (defined as the percentage of the mid-gap) as a function of the slab height/thickness 





Figure 3.6 Band-gap size as a function of the slab height/thickness  
for two slabs in Figure 3.1 
 
For the finite-size square-lattice slab being modeled, it is evaluated that the band-gap size 
is 30.2%, in contrast, the maximum size is 21.1% when the slab height 2.0 a is specified 
for the slab in Figure 3.1 (a). 
3.3.2 Triangular lattice 
Secondly, two triangular lattices of dielectric rods are simulated with lattice constant a, 
radius 0.15a, height 2.0a and dielectric constant 12.25. The overall lattice size of the 
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three-dimensional FDTD models are respectively limited to 137×203×67 and 117×247×67 
cells. Seen the horizontal cross-sections in Figure 3.7, the number of rods are limited to 5 
in the x-direction and 10 or 11 in the y-direction. 
 
  
(a) The first lattice    (b) The second lattice 
 
Figure 3.7 Horizontal cross-sections of the FDTD models of two triangular lattices of 
dielectric rods with lattice constant a, radius 0.15a and height 2.0a 
 
The transmission spectra of the first lattice are plotted in Figure 3.8. For the TM-like 
polarization, there is good agreement between the attenuation that occurs from 0.347 to 
0.540 obtained by the FDTD code and the attenuation that occurs from 0.300 to 0.500 
obtained by the scattering-matrix method in [12]. The difference between the FDTD 
results and reference values may be a direct result of the frequency shift from the two-
dimensional result introduced by the finite slab height in the third dimension. Attractively, 
the maximum value is 30.79 dB at 0.387 that is equivalent to the power reflectivity about 
99.92%. 
The electric-field distribution Ez of the TM-like polarization at z = 0 and t = 750∆t inside 
lattice truncation planes is shown in Figure 3.9, where the electromagnetic wave has no 
attenuation in the slab. 
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Figure 3.8 Transmission spectra 
(The FDTD results and the reference values in [12] are indicated by  




Figure 3.9 Ez of the TM-like polarization (z = 0, t = 750∆t) 
 
The transmission spectra of the second lattice are plotted in Figure 3.10. For the TM-like 
polarization, there is good agreement between the attenuation that occurs from 0.341 to 
0.549 obtained by the FDTD code and the attenuation that occurs from 0.300 to 0.500 
obtained by the scattering-matrix method in [12]. The difference between the FDTD 
results and reference values may be a direct result of the frequency shift from the two-
dimensional result introduced by the finite slab height in the third dimension. Attractively, 
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the maximum value is 33.79 dB at 0.389 that is equivalent to the power reflectivity about 
99.96%. 
The electric-field distribution Ez of the TM-like polarization at z = 0 and t = 650∆t inside 
lattice truncation planes is shown in Figure 3.11, where the electromagnetic wave has no 
attenuation in the slab. 
 


























Figure 3.10 Transmission spectra 
(The FDTD results and the reference values in [12] are indicated by  




Figure 3.11 Ez of the TM-like polarization (z = 0, t = 650∆t) 
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It is observed that radiation patterns appear at the side edges in Figure 3.5, Figure 3.9 and 
Figure 3.11, because it is impossible to prevent the radiation losses introduced by the 
finite size and height. Radiation that is extended outside the slab is wanted in some cases, 
but for the planar optical devices, it is one of the general loss mechanisms that must be 
minimized. 
3.3.3 Square lattice with periodic backgrounds 
Based on the previous analysis of two idealized systems suspended in air, there is a new 
structure in which the background regions above and below the photonic-crystal slab are 
continuously occupied by a uniform dielectric material or periodically occupied by an 
extruded dielectric material [4]−[5] and the index guiding can still produce the guided 
modes and band gaps. The vertical cross-sections of a photonic-crystal slab with dielectric 
backgrounds are shown in Figure 3.12. Such a structure is easy to realize in fabrication 
and confine the resonant modes. 
 
  
(a) Uniform backgrounds    (b) Periodic backgrounds 
 
Figure 3.12 Vertical cross-sections of a photonic-crystal slab with dielectric backgrounds 
 
A square lattice of high-index dielectric rods is simulated with lattice constant a, radius 0. 
2a, height 2.0a and dielectric constant 12.0 as well as the low-index periodic background 
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dielectric rods with height 2.0a extending above and below and dielectric constant 2.0. 
The overall lattice size of the three-dimensional FDTD model is limited to 127×147×147 
cells. Seen the horizontal cross-section in Figure 3.13, the number of rods is limited to 5 in 




Figure 3.13 Horizontal cross-section of the FDTD model of a square lattice of high-index 
rods with lattice constant a, radius 0.2 a and height 2.0 a as well as the low-index  
dielectric backgrounds with height 2.0 a extending above and below 
 
The transmission spectra are plotted in Figure 3.14. For the TM-like polarization, the 
attenuation over 10 dB that occurs from 0.326 to 0.445 obtained by the FDTD code agrees 
well with the band gap in the odd modes that occurs from 0.336 to 0.429 obtained by the 
preconditioned conjugate-gradient minimization of the Raleigh quotient in a plane-wave 
basis [30] in [4], [6]. The difference between the FDTD results and reference values may 
result from the finite size in the in-plane directions and the finite height of backgrounds. 
Attractively, the maximum value is 21.72 dB at 0.331 that is equivalent to the power 
reflectivity about 99.33%. 
The electric-field distribution Ez of the TM-like polarization at z = 0 and t = 700∆t inside 
lattice truncation planes is shown in Figure 3.15, where the electromagnetic wave has no 
attenuation in the slab. 
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Figure 3.14 Transmission spectra 
(The FDTD results and the reference values in [4], [6] are indicated by  




Figure 3.15 Ez of the TM-like polarization (z = 0, t = 700∆t) 
 
3.3.4 Triangular lattice with a point defect 
It is found that no guided mode is allowed within the band gap of a perfect photonic-
crystal slab. However, a localized mode is permitted when a single rod is removed from 
the slab or replaced by another one whose size, shape or dielectric constant is different 
from the original [7]. Removing one rod from the slab, a resonant cavity that is effectively 
surrounded by reflecting walls is created. If the cavity has a proper size to support a mode 
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in the band gap, light can not escape so that the mode can be trapped in the defect. The 
defect mode that is localized in the in-plane directions but extends in the out-of-plane 
dimension decays exponentially away from the defect. 
A triangular lattice of dielectric rods is simulated with a point defect at the center, lattice 
constant a, radius 0.15a, height 2.0a and dielectric constant 12.25. The overall lattice size 
of the three-dimensional FDTD model is limited to 117×227×67cells. Seen the horizontal 
cross-section in Figure 3.16, the number of rods is limited to 5 in the x-direction and 9 or 




Figure 3.16 Horizontal cross-section of the FDTD model of a triangular lattice of 
dielectric rods with a central point defect, lattice constant a,  
radius 0.15 a and height 2.0 a 
 
The transmission spectra are plotted in Figure 3.17. For the TM-like polarization, there is 
good agreement between the attenuation that occurs from 0.328 to 0.547 obtained by the 
FDTD code and the attenuation that occurs from 0.270 to 0.500 obtained by the scattering-
matrix method in [12]. Within the attenuation region, a resonant frequency at 0.448 that 
leads to a peak value of −7.639 dB is close to the reference frequency at 0.410 that 
exhibits a high transmission close to 0 dB in [12]. The difference between the FDTD 
results and reference values may be a direct result of the frequency shift from the two-
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dimensional result introduced by the finite slab height in the third dimension and the 
imperfect coupling of the incident wave to the localized mode. 
The electric-field distribution Ez of the TM-like polarization at z = 0 and t = 650∆t inside 
lattice truncation planes is shown in Figure 3.18, where the electromagnetic wave has no 
attenuation in the slab. 
 


























Figure 3.17 Transmission spectra 
(The FDTD results and the reference value in [12] are indicated by  




Figure 3.18 Ez of the TM-like polarization (z = 0, t = 650∆t) 
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3.4 Conclusions 
By calculating the transmission spectra and field distributions of some typical finite-size 
dielectric photonic-crystal slabs, a full three-dimensional FDTD technique for photonic 
crystals is demonstrated in this chapter. 
The simulation results for the remarkable band gaps agree well with those obtained by the 
preconditioned conjugate-gradient minimization of the Raleigh quotient in a plane-wave 
basis in [4]−[6] and the scattering-matrix method in [12], though the differences that the 
finite size in the in-plane directions and the frequency shift from the two-dimensional 
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Chapter 4 A Frequency-Dependent FDTD Formulation 
for Dispersive Materials 
This chapter will introduce a frequency-dependent FDTD formulation based on the direct-
integration method to model a finite-size square-lattice photonic-crystal slab of dielectric 
rods that are composed of the linearly dispersive Lorentz dielectric. 
4.1 Lorentz dielectric 
In the most theoretical investigations so far, dielectric constants of photonic crystals have 
been assumed to be frequency-independent. However, such assumptions are unreasonable 
for electromagnetic wave propagation in the dispersive materials that exhibit complicated 
behaviors. 
The Lorentz dielectric is a linearly dispersive material in which the atomic structure is 
modeled as a damped vibrating system [31]. Since the mechanical properties of the atom 
can be embedded into the macroscopic permittivity, a complex-valued frequency-domain 
electric permittivity of the Lorentz dielectric ε*(ω) can be characterized by a second-order 
relaxation equation 









ωεεε  = ε0[ε∞+χ*(ω)]          (4.1) 
where εs is the zero-frequency (static) relative permittivity, ε∞ is the infinite-frequency 
relative permittivity, ωr is the resonant frequency, νd is the damping frequency, and χ*(ω) 
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is the frequency-domain susceptibility function. A curve of ε*(ω)/ε0 as a function of ω/ω0 
is plotted in Figure 4.1 when εs = 12.0, ε∞ = 6.0 and νd/ωr = 0.1 are specified. 
 



















Figure 4.1 A curve of ε∗(ω)/ε0 as a function of ω/ωr 
(εs = 12.0, ε∞ = 6.0 and νd/ωr = 0.1) 
 
4.2 A frequency-dependent FDTD formulation 
The FDTD technique is the most efficient to model electromagnetic wave interactions 
with the material bodies of arbitrary structures. For many materials of interest, however, 
constitutive parameters can not be assumed as constants. The extension of the FDTD 
algorithm to frequency-dependent materials, including biological tissues [32], crystalline 
structures [33]−[34], plasma, ferrites and radar-absorbing materials, has received more 
attention. 
The popular methods can be classified as recursive-convolution schemes [35], Z-transform 
methods [36] and direct-integration methods [37]. In this chapter, a frequency-dependent 
FDTD formulation based on the direct-integration method offers a general representation 
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of the dispersion relation through an auxiliary time-domain ordinary differential equation 
that is second-order accurate. 
In a source-free frequency-dependent dielectric material, the time-dependent Maxwell’s 
curl equations are given in the differential form: 
   ∇ × E = −
t∂
∂B  = −µ0µr t∂
∂H           (4.2a) 
  ∇ × H = 
t∂
∂D           (4.2b) 
The constitutive relation between D and E is expressed as 
          D(ω) = ε*(ω)E(ω)            (4.3) 
where ε*(ω) replaces the real-valued frequency-independent ε in (2.2a). Substituting (4.1) 
into (4.3), (4.3) becomes 









ωεεε E(ω)           (4.4) 
The fundamental advantage of dealing with dispersive materials in the frequency domain 
is that constitutive parameters are constants so that an individual calculation can be made 
with the appropriate values at each single frequency. Doing an inverse Fourier transform, 
(4.4) can be cast in the time domain as 
2
rω D + νd t∂
∂D  + 2
2
t∂
∂ D  = ε0εs 2rω E + ε0ε∞νd t∂
∂E  + ε0ε∞ 2
2
t∂
∂ E          (4.5) 
It is seen that (4.5) is not only a modified polarization equation in the relaxation theory of 
dielectrics but also a constraint on (4.2) in the FDTD algorithm. Similar to the derivations 
in Section 2.2, the H field and D vector components of (4.2) in the z-direction can be 
written as 
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x         (4.6b) 
where 




),,(0µµ          (4.7a) 
           Cdh(i, j, k) = s
t
∆
∆           (4.7b) 
Other vector components in the x- and y- directions can be written in the same manner. 
By applying the central-difference expressions and semi-implicit approximations, (4.5) 
can be written as 
⎟⎠
⎞⎜⎝
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0 kjitkjivkjitkjikji drs ∞∞ ++
− εδεδωεε  (4.9d) 














  (4.9e) 
For a particular time point, all of the H computations in the space are completed and 
stored in memory using the previously-stored E values. Then all of the D computations 
are completed and stored in memory using the currently-stored H values. Accordingly, all 
of the E computations in the space are completed and stored in memory using the 
currently- and previously- stored D values as well as the previously-stored E values 
themselves, distinct from the original FDTD algorithm. Such a cycle begins again with the 
recomputation of the H based on the newly-obtained E values and continues until the 
time-stepping is concluded. 
Necessarily, the restricted bound of numerical stability is to be derived again. 
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4.3 A parametric and comparative study 
In order to analyze the effects on the transmission properties of photonic-crystal slabs, a 
parametric and comparative study is carried out, focusing the attention on a finite-size 
square-lattice photonic-crystal slab of dielectric rods that are composed of the linearly 
dispersive Lorentz dielectric described by (4.1) with lattice constant a, radius 0.2a and 
height 2.0a. Similar to the finite-size square-lattice slab in Section 3.1.1, the overall lattice 
sizes of the three-dimensional FDTD model are limited to 127×147×67 cells, the number 
of rods is also limited to 5 in the x-direction and 6 in the y-direction, as shown in Figure 
3.2 and Figure 3.3. 
The accuracy of the frequency-dependent FDTD formulation is validated by the numerical 
experiment results for transmission spectra that coincide with the simulation results in 
Section 3.3.1 when εs = ε∞ = εr = 12.0 is specified. 
4.3.1 Effect of the resonant frequency 
Firstly, the effect of the resonant frequency is discussed, considering ωr = 2π×2.0×105, 
2π×3.0×105, 2π×6.0×105 and 2π×9.0×105 GHz respectively, when εs = 12.0, ε∞ = 6.0 and 
vd = 0.1ωr are specified. 
In Case 1 that ωr = 2πf0 = 2π×2.0×105 GHz, the transmission spectra are plotted in Figure 
4.2. For the TM-like polarization, the attenuation over 10 dB occurs from 0.238 to 0.437, 
within which the strong attenuation over 20 dB concentrates from 0.274 to 0.360, and 
attractively the maximum value is 27.56 dB at 0.320 that is equivalent to the power 
reflectivity about 99.82%. The attenuation at the resonant frequency (0.333) that lies in the 
band gap is 26.01 dB. 
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The electric-field distribution Ez of the TM-like polarization at z = 0 and t = 700∆t inside 
lattice truncation planes is shown in Figure 4.3, where the electromagnetic wave has the 
strong attenuation in the slab. 
 































Figure 4.3 Ez of the TM-like polarization (z = 0, t = 700∆t) 
 
In Case 2 that ωr = 2πfc = 2π×3.0×105 GHz (fc is the central frequency during the spectrum 
of interest), the transmission spectra are plotted in Figure 4.4. For the TM-like polarization, 
the attenuation over 10 dB occurs from 0.282 to 0.660 as well as from 0.865 to 0.949, 
within which the strong attenuation over 20 dB concentrates from 0.292 to 0.515 as well 
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as from 0.891 to 0.922, and attractively the maximum value is 34.70 dB at 0.300 that is 
equivalent to the power reflectivity about 99.97%. The attenuation at the resonant 
frequency (0.500) that lies in the band gap is 25.65 dB. 
The electric-field distribution Ez of the TM-like polarization at z = 0 and t = 700∆t inside 
lattice truncation planes is shown in Figure 4.5, where the electromagnetic wave has the 
strong attenuation in the slab. 
 
































Figure 4.5 Ez of the TM-like polarization (z = 0, t = 700∆t) 
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In Case 3 that ωr = 2π×6.0×105 GHz is the very high end of the spectrum of interest, the 
transmission spectra are plotted in Figure 4.6. For the TM-like polarization, the 
attenuation over 10 dB occurs from 0.303 to 1.000, within which the strong attenuation 
over 20 dB concentrates from 0.317 to 0.426, and attractively the maximum value is 39.34 
dB at 0.540 that is equivalent to the power reflectivity about 99.99%. For the TE-like 
polarization, the attenuation over 10 dB occurs from 0.445 to 0.529, within which the 
strong attenuation over 20 dB concentrates from 0.461 to 0.489, and attractively the 
maximum value is 34.22 dB at 0.47 that is equivalent to the power reflectivity about 
99.96%. 
 




























Figure 4.6 Transmission spectra (Case 3: ωr = 2π×6.0×105 GHz) 
 
In Case 4 that ωr = 2π×9.0×105 GHz is beyond the high end of the spectrum of interest, the 
transmission spectra are plotted in Figure 4.7. For the TM-like polarization, the 
attenuation over 10 dB occurs from 0.303 to 0.456 as well as from 0.682 to 1.000, within 
which the strong attenuation over 20 dB concentrates from 0.314 to 0.426, and attractively 
the maximum value is 41.02 dB at 0.360 that is equivalent to the power reflectivity over 
99.99%. For the TE-like polarization, the attenuation over 10 dB occurs from 0.513 to 
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0.650 as well as from 0.812 to 1.000, within which the strong attenuation over 20 dB 
concentrates from to 0.528 to 0.546 as well as from 0.891 to 1.000. 
 




























Figure 4.7 Transmission spectra (Case 4: ωr = 2π×9.0×105 GHz) 
 
For comparison, the transmission spectra of TM-like polarization in the above four cases 
are combined in Figure 4.8 with that calculated in Section 3.3.1 (Case 5), the band-gap 
information of which is extracted in Table 4.1. 
 































Figure 4.8 Comparison of the transmission spectra of the TM-like polarization 
(εs = 12.0, ε∞ = 6.0 and vd = 0.1ωr) 
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1 2π×2.0×105 0.238 0.437 0.338 58.86 27.56 
0.282 0.660 0.471 80.10 
2 2π×3.0×105 
0.865 0.949 0.907 9.29 
34.70 
3 2π×6.0×105 0.303 - - - 39.34 
4 2π×9.0×105 0.303 0.456 0.380 40.27 41.02 
5 - 0.320 0.434 0.377 30.29 34.19 
 
Table 4.1 Band-gap information extracted from Figure 4.8 
 
4.3.2 Effect of the damping frequency 
Secondly, the effect of the damping frequency is discussed, considering vd = 0.05ωr, 
0.10ωr and 0.15ωr respectively, when εs = 12.0, ε∞ = 6.0 and ωr = 2π×3.0×105 GHz are 
specified. 
In Case1 that vd = 0.05ωr, the transmission spectra are plotted in Figure 4.9. For the TM-
like polarization, the attenuation over 10 dB occurs from 0.286 to 0.647 as well as from 
0.871 to 0.943, within which the strong attenuation over 20 dB concentrates from 0.294 to 
0.509 as well as from 0.894 to 0.923, and attractively the maximum value is 40.83 dB at 
0.440 that is equivalent to the power reflectivity over 99.99%. For the TE-like polarization, 
the attenuation over 10 dB occurs from 0.632 to 0.706 as well as from 0.943 to 0.987, 
within which the strong attenuation over 20 dB concentrates from 0.954 to 0.967. 
In Case 2 that vd = 0.10ωr, the transmission spectra are plotted in Figure 4.4, and the 
discussion is skipped since it has been detailed in Section 4.3.1. 
 
Chapter 4 A Frequency-Dependent FDTD Formulation for Dispersive Materials 55 
Numerical Simulation of Nanostructural Photonic Crystals 




























Figure 4.9 Transmission spectra (Case 1: vd = 0.05ωr) 
 
In Case 3 that vd = 0.15ωr, the transmission spectra are plotted in Figure 4.10. For the TM-
like polarization, the attenuation over 10 dB occurs from 0.280 to 0.678 as well as from 
0.854 to 0.956, within which the strong attenuation around 20 dB concentrates from 0.291 
to 0.523 as well as from 0.888 to 0.921, and attractively the maximum value is 34.45 dB at 
0.350 that is equivalent to the power reflectivity about 99.96%. 
 




























Figure 4.10 Transmission spectra (Case 3: vd = 0.15ωr) 
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For comparison, the transmission spectra of TM-like polarization in the above three cases 
are combined in Figure 4.11 with that calculated in Section 3.3.1 (Case 4), the band-gap 
information of which is extracted in Table 4.2. 
 






























Figure 4.11 Comparison of the transmission spectra of the TM-like polarization 
(εs = 12.0, ε∞ = 6.0 and ωr = 2π×3.0×105 GHz) 
 












0.286 0.647 0.466 77.31 1 
 
0.05 
0.871 0.943 0.907 7.96 
40.83 
0.282 0.660 0.471 80.10 
2 0.10 
0.865 0.949 0.907 9.29 
34.70 
0.280 0.678 0.479 83.12 
3 0.15 
0.854 0.956 0.905 11.25 
34.45 
4 - 0.320 0.434 0.377 30.29 34.19 
 
Table 4.2 Band-gap information extracted from Figure 4.11 
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4.3.3 Effect of the infinite-frequency relative permittivity 
Thirdly, the effect of the damping frequency is discussed, considering ε∞ = 5.0, 6.0 and 
7.0 respectively, when εs = 12.0, ωr = 2π×3.0×105 GHz and vd = 0.1ωr are specified. 
In Case 1 that ε∞ = 5.0, the transmission spectra are plotted in Figure 4.12. For the TM-
like polarization, the attenuation over 10 dB occurs from 0.281 to 0.695, within which the 
strong attenuation over 20 dB concentrates from 0.289 to 0.519, and attractively the 
maximum value is 31.64 dB at 0.300 that is equivalent to the power reflectivity about 
99.93%. For the TE-like polarization, the attenuation over 10 dB occurs from 0.665 to 
0.778, within which attractively the maximum value is 24.45 dB at 0.730 that is equivalent 
to the power reflectivity about 99.64%. 
In Case 2 that ε∞ = 6.0, the transmission spectra are plotted in Figure 4.4, and the 
discussion is skipped since it has been detailed in Section 4.3.1. 
 



























Figure 4.12 Transmission spectra (Case 1: ε∞ = 5.0) 
 
In Case 3 that ε∞ = 7.0, the transmission spectra are plotted in Figure 4.13. For the TM-
like polarization, the attenuation over 10 dB occurs from 0.284 to 0.633, within which the 
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strong attenuation around 20 dB concentrates from 0.293 to 0.513 as well as from 0.554 to 
0.601, and attractively the maximum value is 32.57 dB at 0.450 that is equivalent to the 
power reflectivity about 99.94%. 
 




























Figure 4.13 Transmission spectra (Case 3: ε∞ = 7.0) 
 
For comparison, the transmission spectra of TM-like polarization in the above three cases 
are combined in Figure 4.14 with that calculated in Section 3.3.1 (Case 4), the band-gap 
information of which is extracted in Table 4.3. 
 





























Figure 4.14 Comparison of the transmission spectra of the TM-like polarization 
(ε0 = 12.0, ωr = 2π×3.0×105 GHz and vd = 0.15ωr) 
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1 5.0 0.281 0.695 0.488 84.93 31.64 
0.282 0.660 0.471 80.10 
2 6.0 
0.865 0.949 0.907 9.29 
34.70 
3 7.0 0.284 0.633 0.459 75.92 32.57 
4 - 0.320 0.434 0.377 30.29 34.19 
 
Table 4.3 Band-gap information extracted from Figure 4.14 
 
4.4 Conclusions 
By calculating the transmission spectra of a finite-size square-lattice photonic-crystal slab 
of dielectric rods that are composed of the linearly dispersive Lorentz dielectric when the 
characteristic parameters of the second-order relaxation equation are varied, a frequency-
dependent FDTD formulation for dispersive materials based on the direct-integration 
method is demonstrated in this chapter. The applications to the Debye dielectric, Drude 
metallic and more complex materials, and the extension to the magnetic permeability in 
frequency-dependent magnetic materials, are straightforward. 
The simulation results that show a dramatic increase in the band-gap size suggest that the 
resonant frequency, damping frequency and infinite-frequency relative permittivity play 
important roles, as well as the zero-frequency relative permittivity, in the achievement of 
the desired transmission properties. 
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Chapter 5 MIT Photonic-Bands 
This chapter will introduce the MIT Photonic-Bands (MPB) package to simulate some 
novel two-dimensional periodic dielectric photonic structures, including a square lattice, a 
triangular lattice, a triangular lattice with various dielectric constants, a multi-permittivity 
square lattice, a multi-radius square lattice, and a multi-period square lattice. 
5.1 Introduction 
The MPB package [14], developed by S. G. Johnson of the Joannopoulos Ab Initio 
Physics Research Group in the Condensed Matter Theory Division of the Department of 
Physics at the Massachusetts Institute of Technology (MIT), is used to calculate the band 
structures and electromagnetic modes of periodic dielectric structures on both serial and 
parallel computers [38]. It can be primarily applied to study photonic crystals, also be 
easily applied to calculate other optical dispersion relations. One of the primary features of 
the MPB package is that iterative eigensovler techniques can make the large-scale three-
dimensional calculations for arbitrary Bloch wavevectors possible. The current version is 
MPB 1.4.2. 
As a frequency-domain method, the MPB package is suitable to calculate the eigenvalues 
(frequencies) and eigenstates (electromagnetic modes) of the Maxwell’s equations at the 
same time in a plane-wave basis, in many ways better than the time-domain methods for 
the efficient solutions of all the individual states. 
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5.2 Examples in the manual 
A two-dimensional photonic crystal is periodic along two directions and homogeneous in 
the third dimension [7]. Embedding dielectric or metallic rods in air, two basic photonic 
structures are organized in a square lattice and a triangular lattice, as shown in Figure 5.1.  
The attention can be restricted to only the Brillouin zone [7], in which the different values 
of k lead to different modes. Each value of k outside the zone, by definition, can be 
reached from a particular lattice point inside by adding the reciprocal lattice vectors. 
 
   
(a) Square lattice   (b) Triangular lattice 
 
Figure 5.1 Two basic two-dimensional photonic structures and corresponding  
Brillouin zones with the irreducible zones shaded black 
 
For the propagation of light in the plane of periodicity, polarization is separated into the 
TM mode and TE mode with respect to z-direction. Note that only the lowest-frequency 8 
bands are considered, also that frequency is measured by a dimensionless value fa/c in the 
calculations of band structures. The significant band gaps are represented by yellow when 
the extremely small ones are ignored, and the amplitude of electric fields is represented by 
red (strong) and blue (weak). 
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5.2.1 Square lattice 
As the first example in [38], a square lattice of dielectric rods is simulated with lattice 
constant a, radius 0.2a and dielectric constant 12.0. The geometry and parameters of the 
structure must be specified in a control file at the beginning. 
Since the defaults of the geometry lattice are the orthogonal vectors of unit length along 
the x-, y- and z- directions, only a set of k-points (Bloch wavevectors), as the reciprocal 
lattice vectors, needs to be set to corners of the irreducible Brillouin zone that are denoted 
as Γ, X, M and Γ again: 
 
(set! k-points (list (vector3 0    0    0)  ; Γ 
       (vector3 0.5 0    0)  ; X 
       (vector3 0.5 0.5 0)  ; M 
       (vector3 0    0    0))) ; Γ 
 
The band structures are plotted in Figure 5.2, and the electric-field distributions Ez of the 
TM modes at M are plotted in Figure 5.3. 
 
   
TM modes      TE modes 
 
Figure 5.2 Band structures of the square lattice in Figure 5.1 (a) 
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Band 1   Band 2   Band 3   Band 4 
 
    
Band 5   Band 6   Band 7   Band 8 
 
Figure 5.3 M-point Ez of the TM modes 
 
5.2.2 Triangular lattice 
As the second example in [38], a triangular lattice of dielectric rods is simulated with 
lattice constant a, radius 0.2a and dielectric constant 12.0. The geometry and parameters 
of the structure must be specified in a control file at the beginning. 
Since the irreducible Brillouin zone of a triangular lattice is different from that of a square 
lattice, the first two basis vectors (basis1 and basis2) of the geometry lattice needs to point 
30 degrees above and below the x direction instead of the defaults in the x and y directions, 
when the third (basis3) keeps the default in the z direction: 
 
(set! geometry lattice (make lattice (size 1 1 no-size) 
             (basis1 (/ (sqrt 3) 2) 0.5) 
             (basis2 (/ (sqrt 3) 2) −0.5))) 
 
The lengths of the three basis vectors are not reset. As the new reciprocal lattice vectors, 
the k-points needs to be accordingly modified to the corners of the irreducible Brillouin 
zone that are denoted as Γ, M, K and Γ again: 
 
(set! k-points (list (vector3 0        0     0) ; Γ 
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       (vector3 0        0.5  0) ; M 
       (vector3 (/ −3) (/ 3) 0) ; K 
       (vector3 0        0     0))) ; Γ 
 
The band structures are plotted in Figure 5.4, and the electric-field distributions Ez of the 
TM modes at K are plotted in Figure 5.5. 
 
   
TM modes      TE modes 
 
Figure 5.4 Band structures of the triangular lattice in Figure 5.1 (b) 
 
    
Band 1   Band 2   Band 3   Band 4 
 
    
Band 5   Band 6   Band 7   Band 8 
 
Figure 5.5 K-point Ez of the TM modes 
 
It is seen that good agreement exists between the figures above and those in [38]. The 
band-gap information of Figure 5.2 and Figure 5.4 is extracted in Table 5.1. 
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TM modes TE modes  
Beginning End Beginning End 
0.272 0.412 0.795 0.808 
Square lattice 
0.702 0.731 - - 
0.275 0.446 0.822 0.865 
Triangular lattice 
0.564 0.593 - - 
 
Table 5.1 Band-gap information extracted from Figure 5.2 and Figure 5.4 
 
5.2.3 Comparisons with the three-dimensional FDTD simulation results 
In order to validate the accuracy of the MPB package, the three-dimensional FDTD code 
developed in Chapter 2 is executed to model a finite-size square-lattice and a finite-size 
triangular-lattice photonic-crystal slabs of dielectric rods with lattice constant a, radius 
0.2a, height 2.0a and dielectric constant 12.0. The overall lattice size of the two three-
dimensional FDTD models are respectively limited to 127×147×67 and 117×177×67 cells. 
Seen the horizontal cross-sections in Figure 5.6, the number of rods are limited to 5 in the 
x-direction and 6 or 7 in the y-direction. 
 
  
(a) Square lattice     (b) Triangular lattice 
 
Figure 5.6 Horizontal cross-sections of the FDTD models of two photonic-crystal slabs of 
dielectric rods with lattice constant a, radius 0.2a and height 2.0a 
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The transmission spectra of the square-lattice slab are plotted in Figure 5.7. For the TM-
like polarization, the attenuation over 10 dB that occurs from 0.321 to 0.434 obtained by 
the FDTD code agrees well with the largest band gap in the TM modes that occurs from 
0.272 to 0.412 obtained by the MPB package in Figure 5.2. 
 


























Figure 5.7 Transmission spectra of the square-lattice slab in Figure 5.6 (a) 
(The FDTD and MPB results are indicated by a solid-line frame  
and a dash-line frame respectively.) 
 



























Figure 5.8 Transmission spectra of the triangular-lattice slab in Figure 5.6 (b) 
(The FDTD and MPB results are indicated by a solid-line frame  
and a dash-line frame respectively.) 
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The transmission spectra of the triangular-lattice slab are plotted in Figure 5.8. For the 
TM-like polarization, the attenuation over 10 dB that occurs from 0.315 to 0.454 obtained 
by the FDTD code agrees well with the largest band gap in the TE modes that occurs from 
0.275 to 0.446 obtained by the MPB package in Figure 5.4. 
However, there may be a few small false band gaps involved due to band crossings [38]. 
5.3 Simulation results and discussion 
By applying the MPB package, the band structures of several two-dimensional periodic 
dielectric photonic structures are calculated and discussed. 
5.3.1 Triangular lattice with various dielectric constants 
Firstly, a triangular lattice of dielectric rods is simulated with lattice constant a, radius 
0.2a and various dielectric constants, as shown in Figure 5.9, considering εr = 3.8, 8.9, 




Figure 5.9 A triangular lattice of dielectric rods 
 
The band structures in the four cases are plotted in Figure 5.10 respectively, and the band-
gap information of which is extracted in Table 5.2. 
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TM modes      TE modes 
(a) Case 1: εr = 3.8 
 
   
TM modes      TE modes 
 (b) Case 2: εr = 8.9 
 
   
TM modes      TE modes 
 (c) Case 3: εr = 11.0 
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TM modes      TE modes 
(d) Case 4: εr = 13.0 
 
Figure 5.10 Band structures of a triangular lattice with various dielectric constants 
 
For the TM modes, the width of the low-frequency band gap increases but the gap-bottom 
frequency decreases with the increase in the dielectric constant, and another small band 
gap appears with a relatively-high dielectric constant in Case 3 and Case 4. For the TE 
modes, a large band gap is found in Case 2 and Case 3 as well as two small ones in Case 4. 
 
TM modes TE modes εr 
Beginning End Beginning End 
0.452 0.546 - - 
Case 1: 3.8 
- - - - 
0.315 0.482 0.866 0.954 
Case 2: 8.9 
- - - - 
0.286 0.457 0.833 0.893 
Case 3: 11.0 
0.586 0.605 - - 
0.265 0.436 0.554 0.560 
Case 4: 13.0 
0.586 0.605 0.812 0.837 
 
Table 5.2 Band-gap information extracted from Figure 5.10  
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5.3.2 Multi-permittivity square lattice 
Secondly, a multi-permittivity square lattice of dielectric rods is simulated with lattice 
constant a and radius 0.2a, considering {εr1, εr2} = {3.8, 8.9} and {3.8, 13.0} respectively 
in different patterns, as shown in Figure 5.11, where the rods with εr1 are represented by 
grey dots and those with εr2 are represented by black dots. 
 
    
(a) 1-d periodic pattern    (b) 2-d periodic pattern 
 
Figure 5.11 A multi-permittivity square lattice in different patterns 
 
The band structures in both cases are plotted in Figure 5.12 respectively when the lattice is 
arranged in the first pattern. 
 
   
TM modes      TE modes 
(a) Case 1: {εr1, εr2} = {3.8, 8.9} 
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TM modes      TE modes 
(b) Case 2: {εr1, εr2} = {3.8, 13.0} 
 
Figure 5.12 Band structures of a one-dimensional multi-permittivity square lattice 
 
For the TM modes, one band gap with a relatively-low dielectric constant contrast is split 
into two with a relatively-high value, and the gap-bottom frequency of the high-frequency 
band gap decreases with the increase in the dielectric constant contrast. For the TE modes, 
only a small band gap is found with a relatively-high dielectric constant contrast. 
The band structures in both cases are plotted in Figure 5.13 respectively when the lattice is 
arranged in the second pattern. 
 
    
TM modes      TE modes 
(a) Case 1: {εr1, εr2} = {3.8, 8.9} 
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TM modes      TE modes 
(b) Case 2: {εr1, εr2} = {3.8, 13.0} 
 
Figure 5.13 Band structures of a two-dimensional multi-permittivity square lattice 
 
For the TM modes, the width of the low-frequency band gap increases but that of the 
high-frequency band gap decreases, and the two gap-bottom frequencies decrease with the 
increase in the dielectric constant contrast. For the TE modes, only a small band gap is 
found with a relatively-high dielectric constant contrast. 
The band-gap information of Figure 5.12 and Figure 5.13 is extracted in Table 5.3. 
 
TM modes TE modes  
{εr1, εr2} 
Beginning End Beginning End 
0.429 0.458 - - Case 1: 
{3.8, 8.9} - - - - 













{3.8, 13.0} 0.425 0.430 - - 
0.276 0.295 - - Case 1: 
{3.8, 8.9} 0.383 0.460 - - 













{3.8, 13.0} 0.379 0.435 - - 
 
Table 5.3 Band-gap information extracted from Figure 5.12 and Figure 5.13 
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5.3.3 Multi-radius square lattice 
Thirdly, a multi-radius square lattice of dielectric rods is simulated with lattice constant a 
and dielectric constant 8.9, considering {r1, r2} = {0.20a, 0.24a} and {0.20a, 0.30a} 
respectively in different patterns, as shown in Figure 5.14, where the rods with r1 are 
represented by small dots and those  with r2 are represented by large dots. 
 
    
(a) 1-d periodic pattern    (b) 2-d periodic pattern 
 
Figure 5.14 A multi-permittivity square lattice in different patterns 
 
The band structures in both cases are plotted in Figure 5.15 respectively when the lattice is 
arranged in the first pattern. 
 
   
TM modes      TE modes 
(a) Case 1: {r1, r2} = {0.20a, 0.24a} 
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TM modes      TE modes 
(b) Case 2: {r1, r2} = {0.20a, 0.30a} 
 
Figure 5.15 Band structures of a one-dimensional multi-radius square lattice 
 
For the TM modes, the width and gap-bottom frequency of the band gap both decreases 
with the increase in the radius contrast. For the TE modes, only a small band gap is found 
with a relatively-high radius contrast. 
The band structures in both cases are plotted in Figure 5.16 respectively when the lattice is 
arranged in the second pattern. 
 
   
TM modes      TE modes 
(a) Case 1: {r1, r2} = {0.20a, 0.24a} 
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TM modes      TE modes 
(b) Case 2: {r1, r2} = {0.20a, 0.30a} 
 
Figure 5.16 Band structures of a two-dimensional multi-radius square lattice 
 
For the TM modes, one large band gap with a relatively-low radius contrast is split into 
two with a relatively-high value, and the gap-bottom frequency of the high-frequency 
band gap decreases with the increase in the radius contrast. For the TE modes, only a 
small band gap is found with a relatively-high radius contrast. 
The band-gap information of Figure 5.15 and Figure 5.16 is extracted in Table 5.4. 
 
TM modes TE modes  
{r1, r2} 
Beginning End Beginning End 
0.314 0.413 - - Case 1: 
{0.20a, 0.24a} - - - - 













{0.20a, 0.30a} - - - - 
0.310 0.416 - - Case 1: 
{0.20a, 0.24a} - - - - 













{0.20a, 0.30a} 0.299 0.368 - - 
 
Table 5.4 Band-gap information extracted from Figure 5.15 and Figure 5.16 
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5.3.4 Multi-period square lattice 
Lastly, a multi-period square lattice of dielectric rods is simulated with radius 0.1a (a is a 
constant) and dielectric constant 8.9, as shown in Figure 5.17, considering {a1, a2} = 
{0.30a, 1.70a}, (0.50a, 1.50a), {0.70a, 1.30a} and {0.90a, 1.10a} respectively in one 




Figure 5.17 A one-dimensional multi-period square lattice 
 
The band structures in the four cases are plotted in Figure 5.18 respectively, and the band-
gap information of which is extracted in Table 5.5. 
 
   
TM modes      TE modes 
(a) Case 1: {a1, a2} = {0.30a, 1.70a} 
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TM modes      TE modes 
(b) Case 2: {a1, a2} = {0.50a, 1.50a} 
 
   
TM modes      TE modes 
(c) Case 3: {a1, a2} = {0.70a, 1.30a} 
 
   
TM modes      TE modes 
(d) Case 4: {a1, a2} = {0.90a, 1.10a} 
 
Figure 5.18 Band structures of a one-dimensional multi-period square lattice 
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For the TM modes, one band gap is split into two when the different periods are cascaded. 
It suggests that multi-gap photonic structures of interest can be built in such a manner. For 
the TE modes, no gap is found. 
 
TM modes TE modes 
{a1, a2} 
Beginning End Beginning End 
0.323 0.353 - - 
Case 1: {0.30a, 1.70a} 
0.504 0.593 - - 
0.339 0.349 - - 
Case 2: {0.50a, 1.50a} 
0.502 0.606 - - 
0.418 0.453 - - 
Case 3: {0.70a, 1.30a} 
0.516 0.608 - - 
0.406 0.486 - - 
Case 4: {0.90a, 1.10a} 
0.543 0.584 - - 
 
Table 5.5 Band-gap information extracted from Figure 5.18 
 
5.4 Conclusions 
By calculating the band structures and field distributions of some novel two-dimensional 
periodic dielectric photonic structures, the basic function of the MPB package is described 
in this chapter. 
Compared with the three-dimensional FDTD method, the simulation results for the two-
dimensional MPB application are found to be sufficiently accurate for the design of three-
dimensional structures that can provide more useful information prior to fabrication and 
experimental measurements. 
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Chapter 6 Summary 
This chapter will conclude the present work in this thesis and propose the possible work in 
the future. 
6.1 Present work 
In this thesis, the three-dimensional FDTD code is executed to model some typical finite-
size dielectric photonic-crystal slabs, and calculate the transmission spectra and field 
distributions for the cases of a square lattice, two triangular lattices, a square lattice with 
periodic backgrounds and a triangular lattice with a point defect, respectively. The 
simulation results for the remarkable band gaps agree well with those obtained by the 
preconditioned conjugate-gradient minimization of the Raleigh quotient in a plane-wave 
basis in [4]−[6] and the scattering-matrix method in [12], though the differences that the 
finite size in the in-plane directions and the frequency shift from the two-dimensional 
results introduced by the finite slab height in the third dimension result in must be taken 
into account. 
Then based on the direct-integration method, a frequency-dependent FDTD formulation is 
improved to model a finite-size square-lattice photonic-crystal slab of dielectric rods that 
are composed of the linearly dispersive Lorentz dielectric, and analyze the effects on the 
transmission spectra when the characteristic parameters of the second-order relaxation 
equation are varied. The simulation results that show a consequent dramatic increase in 
the band-gap size suggest that the resonant frequency, damping frequency and infinite-
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frequency relative permittivity play important roles, as well as the zero-frequency relative 
permittivity, in the achievement of the desired transmission properties. 
The MPB package is also used to model some novel two-dimensional periodic dielectric 
photonic structures, and calculate the band structures and field distributions for the cases 
of a square lattice, a triangular lattice, a triangular lattice with various dielectric constants, 
a multi-permittivity square lattice, a multi-radius square lattice and a multi-period square 
lattice, respectively. Compared with the three-dimensional FDTD method, the simulation 
results for the two-dimensional MPB application are found to be sufficiently accurate for 
the design of three-dimensional structures that can provide more useful information prior 
to fabrication and experimental measurements. 
6.2 Future work 
Many objects of electromagnetic interest, for example, photonic crystals, antenna arrays 
and frequency selective surface (FSS) structures [39], possess a periodicity in one or 
multiple dimensions. The fact that the overall structure consists of the infinite replications 
of a basic element may lead to an unmanageable electrical size. One way to alleviate such 
a computational burden is to model only the individual element with fine details when 
periodic boundary conditions (PBCs) [40] are used for the truncation of the space lattice 
instead of conventional ABCs. 
To simulate the large-scale components with a high degree of accuracy and efficiency, the 
FDTD method in conjunction with other techniques will be constructed as well as the 
parallel implementation [41]. Since dielectric and lattice parameters are significant to 
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determine the properties of photonic crystals, numerical simulations of a wide variety of 
materials and structures will be still under investigation. 
The fabrication and experimental measurements of optical circuits and devices must be 
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